Stable Yang-Mills connections on Special Holonomy Manifolds by Huang, Teng
ar
X
iv
:1
51
1.
04
92
8v
5 
 [m
ath
.D
G]
  1
0 F
eb
 20
17
Stable Yang-Mills connections on Special
Holonomy Manifolds
Teng Huang
Abstract
We prove that energy minimizing Yang-Mills connections on a compact G2-
manifold has holonomy equal to G2 are G2-instantons, subject to an extra condi-
tion on the curvature. Furthermore, we show that energy minimizing connections
on a compact Calabi-Yau 3-fold has holonomy equal to SU(3) subject to a similar
condition are holomorphic.
Keywords. Stable Yang-Mills connection; G2-instanton; Hermitian-Yang-Mills con-
nection
1 Introduction
Let G be a compact Lie group and E a principal G-bundle on a complete oriented Rie-
mannian manifoldM . Let A denote a connection on E and ∇A the associated covariant
derivative on the adjoint bundle gE . The Yang-Mills energy of A is
YM(A) := ‖FA‖2L2(M)
where FA denotes the curvature of A. A connections is called a Yang-Mills connection if
it is a critical point of the Yang-Mills functional.
It is well known that, on a 4-manifold, a special class of solutions exists that are au-
tomatically global minimizers of this functional. These are the self-dual or anti-self-dual
connections, also called instantons. The fact that they are global minimizers of the Yang-
Mills functional is a consequence of an energy identity that relates the L2-norms of the
self-dual or anti-self-dual components of FA to topological data (characteristic classes)
of the bundle. Not all Yang-Mills connections are instantons. See [16, 19] for example of
SU(2) Yang-Mills connection on S4 which are neither self-dual nor anti-self-dual.
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It is an interesting question to consider, rather than global minimizers of YM , the
local minimizers. These are also known as stable critical points, characterized by the fact
that the second variation of YM at such a critical point is nonnegative. Earlier work
by Bourguignon and Lawson [4] used variational techniques to argue that if M was a
compact, homogeneous 4-manifold, and the structure group of the vector bundle E was
SU(2) or SU(3), then a stable Yang-Mills connection is either an instanton or abelian (a
direct sum of connections on U(1) bundles).
In [20], Stern considered the minimizing Yang-Mills connections on compact homo-
geneous 4-manifold, he proved that those connections are ether instantons or split into a
sum of instantons on passage to the adjoint bundle.
In higher dimensions, the instanton equation onM can be introduced as follows. As-
suming there is a closed (n−4)-form Ω onM (For our purposes,M is aG2 manifold and
Ω is the fundamental 3-form φ(3) orM is a Calabi-Yau 3-fold and Ω is the (1, 1)-form ω).
A connection, A , is called an anti-self-dual instanton, if it satisfies the instanton equation
FA = − ∗ (Ω ∧ FA).
Instantons on the higher dimension, proposed in [5] and studied in [7, 8, 11, 15, 21, 24],
are important both in mathematics [8, 21] and string theory [10].
In higher dimensional, it is interesting to study when a Yang-Mills connection is an
instanton. In this paper we consider the stable Yang-Mills connections over compact G2-
manifolds and compact Calabi-Yau 3-folds.
On G2-manifolds, the 2-forms decompose as
Λ2(M) = Λ27(M) + Λ
2
14(M).
where the fiber of Λ2k is an irreducible G2 representation of dimension k. Let FA = F
7
A +
F 14A be the corresponding decomposition of the curvature. Then we call a connection,A, a
G2-instanton, ifF
7
A = 0 (see [7, 15] ). Then, we prove that energy minimizing connections
on a compact G2-manifold are in fact G2-instantons, subject to an extra condition on the
curvature.
Theorem 1.1. (Main Theorem) Let (M,φ(3)) be a compactG2-manifold which has holon-
omy equal to G2, let A be a stable Yang-Mills connection on a bundle E over M with
compact, semi-simple Lie group. Assume ψA is dA-harmonic, ψA ,
1
3
(∗(F 7A ∧ ψ(4)), then
A is a G2-instanton.
Our proof of Theorem 1.1 extends the idea of Stern [20]. Let A(t) be a smooth family
of connections on E with A(0) = A. The assumption that A is a local minimum of the
Yang-Mills energy implies the variational inequality
d2
dt2
|t=0 YM(A(t)) ≥ 0.
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The proof of the theorem relies on choosing useful families of test connections with the
difference, A(t)−A, constructed from FA. In [4], the test connectionsA(t) = A+ tiXF+A
were used, where iX denotes interior multiplication by the vector field X , and X runs
over a basis of Killing vector fields. In [20], Stern’s proof of Theorem 1.1 extends the
variational argument of Bourguignon, Lawson, and Simons [4].
The curvature is the only natural object from which to construct test variations, but we
need a map from 2-forms to 1-forms in order to create test variations from the curvature
2-form. On a G2-manifold, there exists a covariant 3-form φ
(3), which induces a natural
map from 2-forms to 1-forms.
On a Ka¨hler 3-manifold with Ka¨hler form ω the curvature decomposes as
FA = F
2,0
A + F
1,1
A0 +
1
3
(ΛωFA)⊗ ω + F 0,2A ,
where Λω denotes the adjoint of exterior multiplication by ω, and F
1,1
A0 = F
1,1
A − 13 FˆA⊗ω,
we denote FˆA =
1
3
(ΛωFA). We call a connection A an ω-instanton, if FA satisfies
FA = − ∗ (ω ∧ FA).
The Ka¨hler identities (see for example [26] Theorem 3.16)
ω ∧ FA = ∗(F 0,2A +
2
3
FˆA ⊗ ω − F 1,1A0 + F 0,2A ).
Then A is an ω-instanton over a Ka¨hler 3-fold if only if
F
0,2
A = 0 and ΛωFA = 0.
By Donaldson-Uhlenbeck-Yau theorem [6, 22], the bundle must be polystable.
In the case of Calabi-Yau 3-folds CY 3, we consider a Hermitian vector bundle E → CY 3
over (CY 3, ω). The Riemannian product manifold M := CY 3 × S1 is naturally a real
7-dimensional G2-manifold ([14], 11.1.2). We pull back a connection A on E → CY 3 to
p∗1E →M via the canonical projection
p1 : CY
3 × S1 → CY 3.
From [17] Proposition 8, the canonical projection gives a one-to-one correspondence
Hermitian-Yang-Mills connections on E and S1-invariant G2-instantons on the pullback
bundle p∗1E. In Section 4, we observation that the pullback connection p
∗
1A such that ψp∗1A
is harmonic is equivalent to ξA is also harmonic. Then we show that energy minimizing
connections on a Calabi-Yau 3-fold subject to a similar condition are holomorphic.
Theorem 1.2. Let (CY 3, ω,Ω) be a compact Calabi-Yau 3-fold which has holonomy
equal to SU(3), let A be a Hermitian, stable Yang-Mills connection on a Hermitian
bundle E over CY 3. Assume ξA is dA-harmonic, ξA , ∗(F 0,2A ∧ Ω), then (E, ∂¯A) is a
holomorphic bundle. Further more, if A is irreducible, then A is an ω-instanton.
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2 Preliminaries
First, we recall some standard notations and definitions.
Let M be a complete Riemannian manifold and E a principal G bundle over M ,
with G a compact Lie group. Let gE denote the adjoint bundle of E, endowed with a
G-invariant inner product. Let Λp(M, gE) denote the smooth p-forms with values in gE.
Given a connection on E, we denote by ∇A the corresponding covariant derivative on
Λ∗(M, gE) induced by A and the Levi-Civita connection ofM . Let dA denote the exterior
derivative associated to ∇A. For ∇A and dA, we have adjoint operators ∇∗A and d∗A. We
also have the Weitzenbo¨ck formula ([4], Theorem 3.2)
(dAd
∗
A + d
∗
AdA)ϕ = ∇∗A∇Aϕ+ ϕ ◦Ric +RA(ϕ) (2.1)
where ϕ ∈ Λ1(M, gE), Ric is the Ricci tensor.
In a local orthonormal frame (e1, . . . , en) of TM , the operators of ϕ ◦Ric and RA(ϕ)
are defined by Bourguignon and Lawson [4] as follows.
ϕ ◦Ric(ei) =
n∑
j=1
Rijϕj.
and
RA(ϕ)X ≡
n∑
j=1
[FA(ej , X), ϕj].
We are interested in minima of the Yang-Mills energy
YM(A) = ‖FA‖2L2(M),
where FA denotes the curvature of A. Critical points of this energy satisfy the Yang-Mills
equation
d∗AFA = 0,
where d∗A denotes adjoint of dA. In addition, all connections satisfy the Bianchi identity
dAFA = 0.
If ψ ∈ Λ1(M, gE) then
FA+ψ = FA + dAψ + ψ ∧ ψ. (2.2)
Here α ∧ β (α, β ∈ Λ1(M, gE)) denotes the wedge product of the two forms with the Lie
bracket used to combine the values in g. In detail, One can see this in [25] Appendix A.
As a notional convenience, we will often use Lω to denoted exterior multiplication on the
left by a form ω. Its adjoint is denote Λω. Thus
Lωh := ω ∧ h, and 〈f, Lωh〉 = 〈Λωf, h〉.
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If A minimizes the Yang-Mills energy, then of course it satisfies the inequality
‖FA‖2 ≤ ‖FA+ψ‖2 (2.3)
for all smooth compactly supported ψ. Replacing ψ by tψ in (2.3), using (2.2), and taking
the limit as t→ 0 leads to the second variational inequality
0 ≤ ‖dAψ‖2 + 2〈FA, ψ ∧ ψ〉 (2.4)
3 Yang-Mills connection and G2-instanton
On this section, we begin to prove the first main theorem of our article. At first, we intro-
duce some background knowledge about G2-manifold and G2-instantons.
3.1 Gauge theory in G2-manifolds
This section is devoted to the background language for the subsequent analytical investi-
gation. The main references are [2, 3, 17, 14, 18, 23].
Definition 3.1. ([23] Definition 3.3) Let M be a 7-dimensional smooth manifold, and
φ(3) ∈ Λ3(M) a 3-form. (M,φ(3)) is called a G2-manifold if φ(3) is non-degenerate and
positive everywhere onM . The manifold (M, g, φ(3)) is called a holonomy G2-manifold
if φ(3) is parallel with respect to the Levi-Civita connection associated with g. Further
on, we shall consider only holonomy G2-manifolds, and (abusing the language) omit the
word holonomy.
Under the action of G2, the space Λ
2(M) splits into irreducible representations, as
follows.
Λ2(M) = Λ27(M)⊕ Λ214(M)
These summands for Λ2(M) can be characterized as follows:
Λ27(M) = {α ∈ Λ2(M) | ∗(α∧φ(3)) = 2α} = {α ∈ Λ2(M) | ∗(ψ(4)∧∗(ψ(4)∧α)) = 3α},
(3.1)
Λ214(M) = {α ∈ Λ2(M) | ∗(α ∧ φ(3)) = −α} = {α ∈ Λ2(M) | α ∧ ψ(4) = 0}. (3.2)
We define a projection operator
Π27 : Λ
2(M) → Λ27(M),
α 7→ Π27(α) =
1
3
(α + ∗(φ(3) ∧ α)) = 1
3
∗ (ψ(4) ∧ ∗(ψ(4) ∧ α)). (3.3)
By the definition of Λ27(M), it is easy to get
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Proposition 3.2. If α ∈ Λ2(M, gE), then we have a point-wise identity
3|Π27α|2 = |β|2,
where β = ∗(α ∧ ψ(4)).
Consider a vector bundle E → M over a compact G2-manifold (M,φ(3)), the curva-
ture FA of connection A decomposes as:
FA = F
7
A + F
14
A , F
i
A ∈ Λ2i (M, gE), i = 7, 14.
The Yang-Mills functional is
YM(A) := ‖FA‖2L2(M) = ‖F 7A‖2L2(M) + ‖F 14A ‖2L2(M). (3.4)
It is well-known that the values of YM(A) can be related to a certain characteristic class
of the bundle E, given by
κ(E) := −
∫
M
tr(F 2A) ∧ φ(3).
Using the property dφ(3) = 0, we know that the de-Rham class [tr(F 2A)∧φ(3)] is indepen-
dent of A, thus the integral is a topological invariant. From the decomposition of FA, we
have
κ(E) = −2‖F 7A‖2L2(M) + ‖F 14A ‖2L2(M),
and combing with (3.4) we get
YM(A) = 3‖F 7A‖2L2(M) + κ(E).
Hence YM(A) attains its absolute minimum at a connection whose curvature lies either
in Λ27 or in Λ
2
14. We call a connection A is a G2-instanton, if FA satisfies
FA ∧ ψ(4) = 0,
or, equivalently
FA + ∗(FA ∧ φ(3)) = 0.
3.2 Stable Yang-Mills connections and G2-instantons
In this section, we begin to prove our main theorem, we return to consider the Yang-Mills
connection over G2-manifold. At first, we define ψA ∈ Λ1(M, gE) such that
∗ (ψ(4) ∧ ψA) = F 7A. (3.5)
Using the identity, (see [3])
∗( ∗ (α ∧ ∗φ(3)) ∧ ∗φ(3)) = 3α, ∀α ∈ Λ1(M),
hence, we have
ψA =
1
3
( ∗ (F 7A ∧ ψ(4))).
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Lemma 3.3. Let A be a connection on a complete G2-manifold, then
d∗AψA = 0,
where ψA is defined as (3.5). Furthermore, if A is a Yang-Mills connection, ψA also sat-
isfies
Π27(dAψA) = 0. (3.6)
Proof. First, from the Bianchi identity dAFA = 0 and the fact dψ
(4) = 0, we have
0 = dA(FA ∧ ψ(4)) = dA(F 7A ∧ ψ(4)) = 3dA ∗ ψA.
Hence we obtain d∗AψA = 0.
Further more, if A is a Yang-Mills connection, using Bianchi identity again, we have
d∗AF
7
A =
1
3
∗ dA(FA ∧ φ(3)) = 0.
We applying the operator d∗A to (3.5) each side, then we get
∗ (dAψA ∧ ψ(4)) = 0 (3.7)
Hence form the Proposition 3.2 and (3.7), we have
Π27(dAψA) = 0.
Now, we define a connection on a G2-manifold has a harmonic curvature. The defini-
tion is inspired by Itoh’s article [13].
Definition 3.4. A connection A on a complete G2-manifold is said to has harmonic cur-
vature if ψA is dA-harmonic, ψA is defined as in (3.5), i.e, dAψA = d
∗
AψA = 0.
In this article, we consider a Yang-Mills connection A which has harmonic curvature
on E over a G2-manifold. At first, we prove a useful lemma as follow.
Lemma 3.5. Let M be a compact G2-manifold, let A be a stable Yang-Mills connection
on a bundle E over M with compact, semi-simple Lie group. Assume η ∈ Λ1(M, gE) is
dA-harmonic, then
[∗F 7A, η] = 0.
Proof. At first, we consider the variation A+ tη, η ∈ Λ1(M, gE), hence we have
‖FA+tη‖2 = 3‖F 7A+tη‖2 + κ(E). (3.8)
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A direct calculation shows
F 7A+tη = F
7
A + tΠ
2
7(dAη) + t
2Π27(η ∧ η),
here the definition of η ∧ η is the same as the notation in Section 2. Since A is a stable
Yang-Mills connection, we have
d2
dt2
∣∣
t=0
‖FA+tη‖2L2(M) ≥ 0,
for any η ∈ Λ1(M, gE), i.e.,
‖Π72(dAη)‖2 + 2〈F 7A, η ∧ η〉 ≥ 0. (3.9)
here, we used the identity
〈F 7A, η ∧ η〉 = 〈F 7A,Π27(η ∧ η)〉.
Now,we assume η ∈ Λ1(M, gE) is dA-harmonic, i.e., d∗Aη = dAη = 0, then theWeitzenbo¨ck
formula gives
∇∗A∇Aη +RA(η) = 0, (3.10)
here we have used the vanishing of the Ricci curvature on G2-manifold. Hence the L
2-
inner product of (3.10) with η, we obtain
‖∇Aη‖2 + 〈FA, [η, η]〉 = 0. (3.11)
Since dAη = 0, thus dAdAη = [FA, η] = 0, then
∗ ([FA, η] ∧ φ(3)) = 0. (3.12)
The L2-inner product of (3.12) with η
0 = 〈∗([FA, η] ∧ φ(3)), η〉 = −〈∗([FA ∧ φ(3), η]), η〉
= −〈∗([2 ∗ F 7A − ∗F 14A , η]), η〉
= −2〈F 7A, [η, η]〉+ 〈F 14A , [η, η]〉.
Then, we have a identity:
2〈F 7A, [η, η]〉 = 〈F 14A , [η, η]〉. (3.13)
From (3.11) and (3.13), we get
‖∇Aη‖2 = −〈FA, [η, η]〉 = −〈F 7A, [η, η]〉 − 〈F 14A , [η, η]〉
= −3〈F 7A, [η, η]〉.
(3.14)
From (3.9) and dAη = 0, we have
〈F 7A, [η, η]〉 ≥ 0. (3.15)
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From (3.14) and (3.15), we obtain
〈F 7A, η ∧ η〉 = 0
Now, we consider the variant tη + t
3
2ω, from (3.9) we can get
0 ≤ ‖Π72
(
dA(tη + t
3
2ω)
)‖2L2(M) + 2〈F 7A, (tη + t 32ω) ∧ (tη + t 32ω)〉
= t3‖Π72(dAω)‖2 + 2t
5
2 〈F 7A, [η, ω]〉+ t3〈F 7A, ω ∧ ω〉
Hence
0 ≤ t 12‖Π72(dAω)‖2 + 2〈F 7A, [η, ω]〉+ t
1
2 〈F 7A, ω ∧ ω〉.
Taking t→ 0, then we have
0 ≤ 〈F 7A, [η ∧ ω]〉 = 〈∗[∗F 7A, η], ω〉, ω ∈ Λ1(M, gE). (3.16)
We can choose ω = − ∗ [∗F 7A, η], then the (3.16) yields
0 = ‖[∗F 7A, η]‖2L2(M).
Hence, we have
[∗F 7A, η] = 0. (3.17)
Remark 3.6. In process of proving Lemma 3.5, we need the fact κ(E) := − ∫
M
tr(F 2A ∧
φ(3)) is a topological invariant. Unfortunately, we can’t extend κ(E) as a topological in-
variant to a non-compact manifold. So the compactness of G2-manifold in Lemma 3.5 is
indispensable.
Lemma 3.7. Let A be a stable Yang-Mills connection which has harmonic curvature over
a compactG2-manifold, then the components of ψA thus generates an abelian subalgebra
of gE , here ψA is defined as (3.5).
Proof. Since F 7A = ∗(ψA ∧ ψ(4)), then ∗F 7A = ψA ∧ ψ(4). Hence,
[∗F 7A, ψA] = (ψA ∧ ψ(4)) ∧ ψA + ψA ∧ (ψA ∧ ψ(4))
= 2(ψA ∧ ψA) ∧ ψ(4).
Since ψA is harmonic, from Lemma 3.5, we obtain
0 = [∗F 7A, ψA] = 2(ψA ∧ ψA) ∧ ψ(4). (3.18)
i.e.
ψA ∧ ψA ∈ Λ214(M, gE).
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Choosing A(t) = A+ tψA, then we get
F 7A+tψA = F
7
A + tΠ
2
7(dAψA) + t
2Π27(ψA ∧ ψA) = F 7A.
Then, we have
YM(A + tψA) = YM(A).
The preceding identity implies that the quartic polynomial in t, YM(A + tψA) is in fact
constant. In particular, the coefficient of t4 and this vanish implies,
0 = ψA ∧ ψA. (3.19)
Proof Main Theorem. The proof is similar to Theorem 6.21 in [20].
The Weitzenbo¨ck formula gives
0 = ‖dAψA‖2 + ‖d∗AψA‖2 = ‖∇AψA‖2.
Here we used the vanishing of the Ricci curvature on G2-manifolds and (3.19). Hence
∇AψA = 0.
Let Rijdx
i ∧ dxj denote the Riemann curvature tensor viewed as an ad(T ∗M) valued
2-form, The vanishing of∇AψA implies
0 = [∇i,∇j ]ψA = ad((Fij) +Rij)ψA
for all i, j. Because ψA takes values in an abelian subalgebra of gE , [Fij, ψA] ⊥ RijψA.
Hence RijψA = 0, and the components of ψA are in the kernel of the Riemannian cur-
vature operator. This reduces the Riemannian holonomy group, unless ψA = 0 which
implies F 7A = 0 (from Proposition 3.2). Thus, we have the dichotomy: ψA 6= 0 implies a
reduction of the holonomy ofM , and ψA implies the connection A is G2-instanton.
4 Calabi-Yau 3-fold
In this section, we begin to prove the second theorem of our article. At first, we consider
the Yang-Mills connection A on a bundle E over a Ka¨hler manifold. The curvature splits
into FA = F
2,0
A + F
1,1
A + F
0,2
A , where F
p,q
A is the (p, q)-component. Then we get from the
Bianchi identity
∂AF
2,0
A = ∂¯AF
0,2
A = 0
∂¯AF
2,0
A + ∂AF
1,1
A = ∂AF
0,2
A + ∂¯AF
1,1
A = 0.
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Decompose the curvature, FA, as
FA = F
2,0
A + F
1,1
A0 +
1
n
FˆA ⊗ ω + F 0,2A
where FˆA := ΛωFA.
Proposition 4.1. ([12] Proposition 2.1) Let A be a Yang-Mills connection on a bundle E
over a Ka¨hler n-fold, then
(1) 2∂¯∗AF
0,2
A =
√−1∂¯AFˆA,
(2) 2∂∗AF
2,0
A = −
√−1∂AFˆA.
The argument which follow is the same as in [17] Section 1.3. Let CY 3 be a Calabi-
Yau 3-fold, we will see that the Cartesian productM = CY 3 × S1 is a naturally a real 7-
dimensionalG2-manifold. Starting with the Ka¨hler form ω ∈ Λ1,1(CY 3) and holomorphic
volume form Ω on CY 3 ([9]), define
φ(3) = ω ∧ dθ + ImΩ,
ψ(4) =
1
2
ω2 −ReΩ ∧ dθ.
(4.1)
Here θ is the coordinate 1-form on S1, and the Hodge star onM is given by the product
of the Ka¨hler metric on CY 3 and the standard flat metric on S1. Now, a connection A on
E → CY 3 pulls back to p∗1E → CY 3 × S1 via the canonical projection:
p1 : CY
3 × S1 → CY 3,
and so do the forms ω and Ω (for simplicity we keep the same notation for objects on CY 3
and their pullbacks toM). The Proposition 8 in [17] shows that a connection on E whose
curvature FA is a ω-instanton, then the pullback of A to the G2-manifold CY
3 × S1 is a
G2-instanton.
In this article, we considerE → CY 3 is a Hermitian vector bundle andA is the Hermitian
connection on E. We choose a local trivialization such that E is isomorphic to the trivial
bundle. Then dA := d+Awith A¯
T = −A. For its curvature FA = dA+A∧A one obtains
F¯ TA = −FA,
then we have
F
0,2
A = −(F¯ 0,2A )T and ΛwF 1,1A = −ΛωF 1,1A
T
.
We define ξA ∈ Λ0,1(M, gCE), such that
∗ (ξA ∧ Ω) = F 0,2A . (4.2)
Then, we have a useful
12 Teng Huang
Proposition 4.2. Let A be a Hermitian connection on a Hermitian vector bundle E over
a complete Calabi-Yau 3-fold. The following conditions are equivalent:
(1) ∂¯A(ΛωFA) = 0;
(2) ξA is harmonic.
where ψA is defined as (4.2).
Proof. In a local special unitary frame,
F
0,2
A = F
0,2
23 dz¯
2 ∧ dz¯3 + F 0,231 dz¯3 ∧ dz¯1 + F 0,212 dz¯1 ∧ dz¯2,
hence from (4.2)
ξA = −(F 2,023 dz¯1 + F 2,031 dz¯2 + F 2,012 dz¯3),
By a directly calculation, we have
∗(F 0,2A ∧ Ω) = ξA.
The Bianchi identity implies ∂¯AF
0,2
A = 0, which is equivalent to
∂¯∗AξA = ∗(∂¯AF 0,2A ∧ Ω) = 0. (4.3)
Applying ∂¯∗A to each side of (4.2) gives
− ∗ (∂¯AξA ∧ Ω) = ∂¯∗AF 0,2A .
Hence ∂¯∗AF
0,2
A = 0 i.e., ∂¯A(ΛwFA) = 0 (see Proposition 4.1), is equivalent to ∂¯AξA =
0.
Proposition 4.3. Let CY 3 be a compact Calabi-Yau 3-fold, let E be a Hermitian vector
bundle over X , let A be a Hermitian connection on E. Assume A is a stable Yang-Mills
connection, then the pullback of A to the G2-manifold CY
3 × S1 is also a stable Yang-
Mills connection. Furthermore, we denote the pullback of A by A˜, then the follow condi-
tions are equivalent
(1) ξA is dA-harmonic, ξA is define as in (4.2),
(2) ψA˜ is DA˜-harmonic, ψA˜ is define as in (3.5).
Proof. Since A is a Yang-Mills connection i.e., d∗AFA = 0, hence
DA˜ ∗ FA˜ = DA˜(dθ ∧ ∗CY 3FA˜) = −dθ ∧ p∗1(dA ∗CY 3 FA) = 0.
Here DA˜ denote the covariant derivative with respect to A˜ and dA is the covariant deriva-
tive with respect to A, ∗CY 3 denotes the Hodge ∗-operator on CY 3. If A is a stable Yang-
Mills connection over CY 3, then for α ∈ Λ1(CY 3, gE), we have:∫
CY 3
|dAα|2 + 2〈FA, α ∧ α〉 ≥ 0.
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Hence, for η˜ ∈ Λ1(CY 3 × S1, gE) (we denote η˜(θ, x) := η0dθ + η(θ, x)), we have
∫
CY 3×S1
|DA˜η˜(θ, x)|2 + 2〈FA˜, η˜(θ, x) ∧ η˜(θ, x)〉
=
∫
S1
( ∫
CY 3
|dA˜η(θ, x)|2 + 2〈FA˜, η(θ, x) ∧ η(θ, x)〉
)
dθ +
∫
CY 3×S1
|dA˜η0 ∧ dθ|2 ≥ 0,
then the pullback of A to the G2-manifold CY
3 × S1 is also a stable Yang-Mills connec-
tion.
If A is a Yang-Mills connection and ξA is dA-harmonic, i.e.
dA(F
0,2
A ∧ Ω) = d∗A(F 0,2A ∧ Ω) = 0,
hereΩ is holomorphic volume onCY 3. Then the pullback ofA to theG2-manifoldCY
3×
S1 satisfies
3ψA˜ = ∗(FA˜ ∧ ψ(4)) = ∗
(
FA˜ ∧ (
1
2
ω2 −ReΩ ∧ dθ))
= dθ ∧ ∗CY 3(FA˜ ∧
1
2
ω2) + ∗CY 3
(
(F 0,2
A˜
+ F 2,0
A˜
) ∧ 1
2
(Ω + Ω¯)
)
.
= (ΛωFA˜)dθ +
1
2
(ξA˜ + ξ
†
A˜
).
here ξA˜ , ∗(F 0,2A ∧ Ω) and ξ†A˜ , ∗(F
0,2
A ∧ Ω¯). In a local coordinate, ξ†A˜ = −ξ¯TA. Hence,
we have
3DA˜ψA˜ = dA˜(ΛωFA˜) ∧ dθ +
1
2
dA˜(ξA˜ + ξ
†
A˜
) = 0.
here, we used the identity dA˜ξ
†
A˜
= −dA˜ξA˜
T
= 0 (in a local coordinate) and Proposition
4.2. Hence if ξA is dA-harmonic, ψA˜ isDA˜-harmonic.
If ψA˜ is DA˜-harmonic, then we get
0 = dA˜(ξA˜ + ξ
†
A˜
) = ∂¯AξA + ∂Aξ
†
A˜
+ (∂AξA + ∂¯Aξ
†
A˜
),
and
dA˜ΛωFA˜ = 0,
hence, we have
0 = ∂¯A˜ξA˜, 0 = ∂A˜ξA˜ + ∂¯A˜ξ
†
A˜
,
and
0 = ∂A˜ΛωFA˜ = ∂¯A˜ΛωFA˜.
Then, the connection A on E over Calabi-Yau 3-fold and ξA satisfy
0 = ∂¯AξA and 0 = ∂AξA + ∂¯Aξ
†
A (4.4)
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We observed an identity,
∂A∂AξA = [F
2,0
A , ξA] = 0.
By Ka¨hler identities, we have
√−1∂¯∗A∂AξA = Λw(∂A∂AξA)− ∂A(Λw∂AξA) = −
√−1∂A∂¯∗AξA = 0.
Then, we get
0 = ‖∂AξA + ∂¯Aξ†A‖2 = ‖∂AξA‖2 + ‖∂¯Aξ†A‖2 + 2〈∂AξA, ∂¯Aξ†A〉
= ‖∂AξA‖2 + ‖∂¯Aξ†A‖2 + 2〈∂¯∗A∂AξA, ξ†A〉
= ‖∂AξA‖2 + ‖∂¯Aξ†A‖2,
hence, we get
∂AξA = 0. (4.5)
Using Ka¨hler identities again,
∂¯∗AξA = −
√−1[Λω, ∂A]ξA = 0. (4.6)
Combing the preceding identities (4.4)–(4.6) yields,
dAξA = d
∗
AξA = 0.
Proof Theorem 1.2. Since A is a stable Yang-Mills Hermitian connection and ξA is
dA-harmonic, then the pullback connection A (for simplicity we keep the same notation
for pull back connection onM := CY 3×S1) is also a stable Yang-Mills connection over
G2-manifoldM and ψA isDA-harmonic. Then, we can get
0 = ψA ∧ ψA =
(
(ΛωFA)dθ +
1
2
(ξA + ξ
†
A)
) ∧ ((ΛωFA)dθ + 1
2
(ξA + ξ
†
A)
)
,
Hence
0 = [ΛωFA, ξA] = [ξA, ξA] = [ξA, ξ
†
A]. (4.7)
The Weitzenbo¨ck formula now gives
0 = ‖dAξA‖2 + ‖d∗AξA‖2 = ‖∇AξA‖2.
Here we used the vanishing of the Ricci curvature on Calabi-Yau manifolds and third
identity of (4.7). Hence
∇AξA = 0.
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Let Rijdx
i ∧ dxj denote the Riemann curvature tensor viewed as an ad(T ∗M) valued
2-form, The vanishing of∇AξA implies
0 = [∇i,∇j]ξA = ad((Fij) +Rij)ξA
for all i, j. Because ξA takes values in an abelian subalgebra of gE , [Fij , ξA] ⊥ RijξA.
HenceRijξA = 0, and the components of ξA are in the kernel of the Riemannian curvature
operator. This reduces the Riemannian holonomy group, unless ξA = 0 which implies
F
0,2
A = 0 . Thus, we have the dichotomy: ξA 6= 0 implies a reduction of the holonomy
of CY 3, and ξA implies the bundle is holomorphic. Furthermore, if A is a irreducible
connection i.e., ker dA|Ω0(gE) = 0, since dAΛωFA = 0, then ΛωFA = 0.
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